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Abstract
We give an explicit derivation of the Picard-Fuchs equations for N = 2 supersym-
metric SU(3) Yang-Mills theory with N
f
< 6 massive hypermultiplets in the funda-
mental representation. We determine the instanton corrections to the prepotential in
the weak coupling region using the relation between Trh
2
i and the prepotential. This




There has been much progress in duality in N = 2 supersymmetric eld theory as well as
in string theory, initialized by Seiberg and Witten [1]. The main idea to solve the eective
theory by means of duality is to introduce a family of auxiliary curves. The moduli space of
the curves coincides with the quantum moduli space of the gauge theory.
In N = 2 supersymmetric gauge theory with gauge group G the low energy Wilsonian
eective action can be described by a single holomorphic prepotential F which in N = 1
language is a function of rank G chiral multiplets A
i
with scalar components a
i
. The metric

















a can be calculated as period integrals of a meromorphic dierential on an auxiliary complex
algebraic curve. Once we know a
D
(a), the prepotential can be obtained by integration and
































































The sums are over the positive roots 
+
of G and the weights of the representation of the
N
f
hypermultiplets, respectively. In the case of SU(3) the positive roots in Dynkin basis
are (2; 1), ( 1; 2) and ( 1; 1), and the weights of the fundamental representation 3 are
(1; 0), (0; 1) and ( 1; 1). Generalizations of this scheme to various gauge groups without
[3, 4, 5] and with matter [6, 7, 8, 9, 10, 11, 12, 13] have been given.
Although the periods and the prepotential can be obtained by explicit integration to
compute the one and two instanton corrections [2, 14], for the SU(2) case see also [15, 16],
the approach via the Picard-Fuchs (PF) equations for the periods leads also to the instanton
corrections and can easily be pushed to arbitrary orders. PF-operators for the case of A
r









has been given in [17]. The cases of massless matter for the groups with r  3
were done in [18, 19, 20, 21]. SU(2) with massive matter was investigated in [22].
In this paper we rst construct a set of PF-operators for SU(3) with N
f
< 6 massive
hypermultiplets in the fundamental representation. From their power series solutions we nd
their periods and calculate the instanton corrections to the prepotential in the weak coupling
region u ! 1 using the method outlined in [20], which relies on the relation between the
second Casimir u and the prepotential [23, 24, 25]. This method should be easily applicable
to other Lie groups as well.
2
2
The Reduce procedures which were used to derive the results in this paper may be obtained by e-mail
request from the authors.
1
2 Picard-Fuchs Operators for Massive Matter
We consider N = 2 supersymmetric YM theory with gauge group SU(3) and N
f
< 6
massive hypermultiplets in the fundamental representation. The appropriate hyperelliptic





(x; u; v)  F (x;m;) (2)
where W = (x
3
  ux   v) is the A
2
simple singularity, with u = Trh
2











the generators of the Cartan subalgebra. The mass dependent
part of the curve is:






































< 5 the m
i
coincide with the hypermultiplet masses
M
i
while in the case N
f































































= 0. First derivatives of  with respect to u and v yield abelian dierentials













For the integrals over the abelian dierentials of the rst kind (5) we can nd PF-operators













of the dierentials, producing










































































The corresponding expressions for the partial derivatives applied to
x
y
dier by one additional
power of x in the numerator.
3
The curves derived in [8, 13] coincide with the ones taken here for N
f
= 1 and N
f
= 2 while for
N
f
 3 they dier in the expression for W (x;u; v). The superscript K indicates the convention taken in
[13]: W
K






















= 1. These curves are related to ours by an
appropriate transformation of u, v, t
i
and . In particular the shift in u for N
f











=4 will turn out to be signicant for the comparison of the instanton corrections.
2































. The identities which allow the reduction to the basis above are valid











(l   2)x'  2(k   5) 

2  6l + 2k
(8)










+'(x). The formula (8)





, with k > 4, always allowing to reduce such monomials to the basis (7). The reduction





























, resulting in huge expressions in the cases of massive matter.




one might as well take into consideration








. The power of 1=y can easily be














































These sets represent no longer a basis of dierentials but form an overcomplete set. The
dependence among the dierentials in (11) or (12) corresponds just to the case where equation
(8) fails to work. Actually equation (8) allows to nd the total dierential which gives rise
to the relation by multiplying (8) on both sides with (2  6l + 2k) and considering the case


















as total dierentials, to which the same equation (8) can be applied to reduce all powers









. The most convenient choice of a basic set of
dierentials for deriving PF-operators turns out to be the set (12) since this avoids the use
of the discriminant and its decomposition.
In general, PF-operators constitute a system of partial dierential operators of second
order for abelian dierentials of the rst kind. If we consider rst the dierential @
v
 the























































































with i = 1; 2. The coecients c
(i)
j
are polynomial functions in u and v and the normalization
might be chosen as c
(1)
3
= 0 and c
(2)
1
= 0. Applying the partial derivatives to @
v
 and
reducing the resulting expressions to the dierentials (12) by the procedure described above,























































where overlining denotes the reduction to the basis (12), yielding the two PF-operators.














In contrast to the massless case the PF operators for the periods of the meromorphic
















the PF-operators become much larger, but factorize in the case of equal
masses through powers of (m
3
 mu+ v) resulting in expressions which are of similar size as
the ones given.
3 Power Series Solutions and Instanton Corrections







are known to have two pure power series solutions and two solutions including logarithms
each. To calculate the instanton corrections we apply the method we derived in [20] which re-
quires only the power series solutions. The instanton corrections in the semiclassical patches
for u!1 and v !1 coincide. For our method we will start from the power series solutions
in the semiclassical region u!1, which are found by an ansatz of the form

















where the rational indices (k; l) have to be determined as part of the solution. They turn






; 0) for N
f
























, respectively. The derivatives of the periods a
i
with respect to u
and v are linear combinations of the power series solutions of the PF-operators. The periods
a
Di






























are some constants which will be determined in the following. Equations (17) give





. Integrating the system (17) we can determine a
1
(u; v) up to a constant. The
resulting expression for a
1






is analogous but with dierent



















































reproduces u and v
0
reproduces v up to higher order corrections in . In the limit
! 0 these are just the equations for the classical Casimirs and the classical discriminant.







































+ : : : (19)












to the values 1 and 
1
2
, respectively. Indeed we nd after integrating









+ : : :. This completes the determination of the periods
in terms of the power series solutions of the PF-operators.
We now use the relation between u and the prepotential F derived in [23, 24, 25] to
calculate the instanton corrections for the theories with N
f
< 6 massive hypermultiplets.


































. The relation between








































holds even in the massive case. Integrating this formula gives u up to a function c(v;m;).









































































by using the fact
that in the classical limit u and u
0
coincide. The remaining part of c is strongly restricted by
R-charge considerations. Since u has charge 4 and only positive powers of m with charge 2
and v with charge 6 are supposed to appear, the only possible terms are 
2
and m. These
can appear for N
f
= 4 and N
f
= 5, whereas in all other cases ~c must vanish.
The remaining freedom in the expression for u corresponds to a shift of F
1
in both cases.
It is just this shift by which one instanton results in the literature [2, 19, 20] dier. The
results in [2, 19] were derived by explicit integration from curves given in [8, 13] which
are dierent from each other and from the ones we use [11]. We nd that our procedure
reproduces the results starting from the corresponding curve if we set ~c to zero in each case.
The shift in u is the same as the one discussed in footnote 3.


















the instanton corrections to the prepotential are obtained by comparing the two series.
Each individual correction is a nite expression (as opposed to an innite series in u and







. The remaining constant from integrating




















































































































































































































































































































































































































































































































































Instanton corrections for N
f

























































































































































































































































































































































































































































































































































































































































































































































































= 4 we calculated the instanton corrections for equal masses only. Nev-
ertheless for the one instanton contributions we can infer the general result because in this
case the dependence on t
i






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The results for dierent N
f
are related by the decoupling limit where one takes a single
















xed. This amounts for

























Taking the massless limit m
i
! 0 (or m !  

12
in the case N
f
= 5) we reproduce our
previous results [20].
We checked that for N
f
= 1; 2; 3 the one and two instanton corrections agree with the
formulas given in [2]. For N
f
= 4; 5 we nd coincidence after performing the shift mentioned
before. Our results coincide with the massless one instanton calculation done in [19].
4 Generalization to other Gauge Groups
This method of calculating instanton corrections of arbitrary order from PF-operators can
be generalized to other gauge groups like SO(2r+1), SO(2r) and Sp(2r), starting e.g. from
the curves given in [7, 10, 12].
To x the linear combination of the power series solutions !
i
to the PF-operators we look




































where t is the exceptional Casimir of order r. Solving this equation in the limit u
2
!1 we
obtain the leading terms of the periods a
i





xes the linear combination completely.
To derive the formula corresponding to (23) for u
2
(a) with the above gauge groups G
we use the perturbative part of the prepotential given in [14] and the expression for the
instanton corrections as a series in . Inserting the corresponding roots and weights of the
























































































The exponent of  in this series is associated to the beta function. After taking the derivative
of F
G













































. The instanton corrections to the prepotential F
G
can then be obtained
by performing the same procedure as for the gauge group SU(3).
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Appendix: PF-Operators for N
f
= 1












 = 0 for the case of N
f
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